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Abstract
Consider the neutral delay difference equation with positive and negative coefficients,
12(xn + pxn−m)+ pnxn−k − qnxn−l = 0,
where p ∈ R and m, k, l ∈ N and pn, qn ∈ R+, n ≥ n0 ∈ N .
Some sufficient conditions for the existence of a nonoscillatory solution of the above equation expressed in terms of
∑∞ i pi <
∞,∑∞ iqi <∞ are obtained.
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1. Introduction
Consider the neutral delay difference equation of second order with positive and negative coefficients,
12(xn + pxn−m)+ pnxn−k − qnxn−l = 0. (1)
In (1), 1 stands for the forward difference operator: 1xn = xn+1 − xn , and
p ∈ R,m, k, l ∈ N , pn, qn ∈ R+, n ≥ n0 ∈ N . (2)
Eq. (1) can be regarded as the discrete analogue of the following neutral delay differential equation with positive
and negative coefficients:
d2
dt2
[x(t)+ px(t − τ)] + Q1(t)x(t − σ1)− Q2(t)x(t − σ2) = 0, (3)
where p ∈ R and
τ ∈ (0,∞), σ1,σ2 ∈ [0,∞), Q1, Q2 ∈ C([t0,∞), R+). (4)
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Recently, there has been a lot of activity concerning the oscillation and nonoscillation behavior of neutral
differential and difference equations (see [1–7]). For Eq. (3), recently, Kulenovic and Hadziomerspahic obtained
the following result in [8]:
Theorem A. Consider Eq. (3); if conditions (4) and∫ ∞
sQi ds <∞, i = 1, 2. (5)
aQ1(t)− Q2(t) ≥ 0, (6)
for every t ≥ T1 and a > 0 hold, where p 6= ±1, and T1 is large enough, then Eq. (3) has a nonoscillatory solution.
A natural question is how to establish the discrete analogue of Theorem A. That is, if p 6= ±1, condition (2) and
∞∑
i pi <∞,
∞∑
iqi <∞ (7)
apn − qn ≥ 0, (8)
for every n ≥ N1 and a > 0 hold, where N1 is large enough, whether or not for Eq. (1) there exists a nonoscillatory
solution.
The purpose of this work is answering the above question. Even, we will give better condition than above. That is
to say, the condition (8) may look too restrictive; we will delete the strong condition (8), permit p = 1, and obtain the
global sufficient condition (with respect to p) for the existence of a nonoscillatory solution.
Our main result is the following theorem:
Theorem 1. Consider Eq. (1); if conditions (2) and (7) hold, where p 6= −1, then Eq. (1) has a nonoscillatory
solution.
2. The proof of main result
The following lemma is needed in the proof of our main results and is the discrete analogue of the results in [9], so
the proof is omitted.
Lemma 1. Let pn, qn ∈ R+, n ≥ n0 ∈ N ,m ∈ N; then the following two statements are equivalent:
(1)
∑∞
u=n0 upu <∞ and (2)
∑∞
i=0
∑∞
u=n0+im pu <∞ for pn .
(Or (a)
∑∞
u=n0 uqu <∞ and (b)
∑∞
i=0
∑∞
u=n0+im qu <∞ for qn .)
The proof of the main Theorem 1 will be divided into five claims, depending on the five different ranges of the
parameter p.
Claim 1. p = 1. Let ln0∞ be the Banach space which is composed of all bounded real sequences x = {xn}, where
n ≥ n0 with sup norm ‖x‖ = supn≥n0 |xn|. We define a subset S in ln0∞ as
S = {x ∈ ln0∞ : 1 ≤ xn ≤ 3, n ≥ n0}.
Then S is a bounded, closed, and convex subset of ln0∞ .
Since
∑∞
u=n0 upu <∞,
∑∞
u=n0 uqu <∞, by Lemma 1 we have
∞∑
i=0
∞∑
n0+im
pu <∞,
∞∑
i=0
∞∑
n0+im
qu <∞,
and then there exists a large enough n1 > n0, such that
∞∑
i=0
∞∑
u=n+im
pu ≤ 13m ,
∞∑
i=0
∞∑
u=n+im
qu ≤ 13m
hold for all n ≥ n1.
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Now we define a mapping T : S → ln0∞ as follows:
(T x)n =
2−
∞∑
j=1
n+2 jm∑
s=n+(2 j−1)m
∞∑
u=s
(puxu−k − quxu−l), n ≥ n1,
(T x)n1 , n0 ≤ n ≤ n1.
Clearly, T xn is a real sequence. For every x = {xn} ∈ S, and n ≥ n1, we have
(T x)n ≥ 2−
∞∑
j=1
[
n+2 jm∑
s=n+(2 j−1)m
∞∑
u=s
puxu−k +
n+(2 j−1)m∑
s=n+(2 j−2)m
∞∑
u=s
puxu−k
]
= 2−
∞∑
s=n
∞∑
u=s
puxu−k ≥ 2− 3
∞∑
s=n
∞∑
u=s
pu
= 2− 3
∞∑
i=0
n+(i+1)m∑
s=n+im
∞∑
u=s
pu ≥ 2− 3m
∞∑
i=0
∞∑
u=n+im
pu ≥ 1. (9)
On the other hand, we have
(T x)n ≤ 2+
∞∑
j=1
[
n+2 jm∑
s=n+(2 j−1)m
∞∑
u=s
quxu−l +
n+(2 j−1)m∑
s=n+(2 j−2)m
∞∑
u=s
quxu−l
]
= 2+
∞∑
s=n
∞∑
u=s
quxu−l ≤ 2+ 3
∞∑
s=n
∞∑
u=s
qu
= 2+ 3
∞∑
i=0
n+(i+1)m∑
s=n+im
∞∑
u=s
qu ≤ 2+ 3m
∞∑
i=0
∞∑
u=n+im
qu ≤ 3. (10)
Thus we have proved T S ⊂ S.
Next we will prove that T is a contraction mapping in S; in fact, for every x, y ∈ S, and n ≥ n1, we have
|T xn − T yn| ≤
∞∑
j=1
n+2 jm∑
s=n+(2 j−1)m
∞∑
u=s
pu |xu−k − yu−k | + qu |xu−l − yu−l |
≤
∞∑
s=n
∞∑
u=s
(pu + qu)‖x − y‖ ≤ ‖x − y‖
∞∑
s=n
∞∑
u=s
(pu + qu),
and from inequality (9) and (10), we can see that
∑∞
s=n
∑∞
u=s pu < 13 ,
∑∞
s=n
∑∞
u=s qu < 13 for n ≥ n1; therefore‖T x−T y‖ < ‖x− y‖, T is a contraction mapping. Consequently T has a unique fixed point x such that (T x)n = xn ;
that is
xn =
2−
∞∑
j=1
n+2 jm∑
s=n+(2 j−1)m
∞∑
u=s
(puxu−k − quxu−l), n ≥ n1,
(T x)n1 , n0 ≤ n ≤ n1
and then we have
xn + xn−m = 4−
∞∑
j=1
[
n+2 jm∑
s=n+(2 j−1)m
+
n+(2 j−1)m∑
s=n+(2 j−2)m
] ∞∑
u=s
(puxu−k − quxu−l)
= 4−
∞∑
s=n
∞∑
u=s
(puxu−k − quxu−l),
so therefore
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12(xn + xn−m)+ pnxn−k − qnxn−l = 0,
and xn is obviously a positive solution of Eq. (1). This completes the proof of Claim 1.
Claim 2. p ∈ (0, 1). Choose an n1 > n0 sufficiently large that
n1 ≥ n0 + σ, σ = max{m, k, l}
∞∑
s=n
s(ps + qs) < 1− p,
∞∑
s=n
sps ≤ p − (1− M2)M2 ,
∞∑
s=n
sqs ≤ 1− p − pM2 − M1M2
hold for all n ≥ n1, where M1 and M2 are positive constants such that
1− M2 < p < 1− M11− M2
holds.
Let ln0∞ be the set as in Claim 1. Set
A = {x ∈ ln0∞ : M1 ≤ xn ≤ M2, n ≥ n0}.
Define a mapping T : A → ln0∞ as follows:
(T x)n =
1− p − pxn−m + n
∞∑
s=n
(psxs−k − qsxs−l)+
n∑
s=n1
s(psxs−k − qsxs−l), n ≥ n1,
(T x)n1 , n0 ≤ n ≤ n1.
For every n ∈ A and n ≥ n1, we get
(T x)n ≤ 1− p + n
∞∑
s=n
M2 ps +
n∑
s=n1
sM2 ps
≤ 1− p + M2
∞∑
s=n
sps ≤ M2,
and furthermore, we have
(T x)n ≥ 1− p − pM2 − n
∞∑
s=n
qsxs−k −
n∑
s=n1
sqsxs−l
≥ 1− p − pM2 − M2
∞∑
s=n
sqs ≥ M1,
and so TA ⊆ A.
Now for xn, yn ∈ A and n ≥ n1, we have
|T xn − T yn| ≤ p|xn−m − yn−m | + n
∞∑
s=n
ps |xs−k − ys−k | + n
∞∑
s=n
qs |xs−l − ys−l |
+
n∑
s=n1
sps |xs−k − ys−k | +
n∑
s=n1
sqs |xs−l − ys−l |
≤ p‖x − y‖ + ‖x − y‖
{ ∞∑
s=n
s(ps + qs)+
n∑
n=n1
s(ps + qs)
}
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= ‖x − y‖
{
p +
∞∑
s=n1
s(ps + qs)
}
= q˜1‖x − y‖, q˜1 < 1
and thus we have proved that T is a contraction mapping. Consequently T has a unique fixed point x , which is
obviously a positive solution of Eq. (1). This completes the proof of Claim 2.
Claim 3. p ∈ (1,∞). Choose an n1 ≥ n0 sufficiently large that
∞∑
s=n
s(ps + qs) < p − 1,
∞∑
s=n
sps ≤ 1− p(1− N2)N2 ,
∞∑
s=n
sqs ≤ (1− N1)p − (1+ N2)N2
(11)
hold for all n ≥ n1, where N1, N2 are positive constants such that
(1− N1)p ≥ 1+ N2, p(1− N2) < 1.
Let ln0∞ be the set as in Claim 1. Set
A = {x ∈ ln0∞ : N1 ≤ xn ≤ N2, n ≥ n0}.
Define a mapping T : A → ln0∞ as follows:
(T x)n =
1−
1
p
− 1
p
xn+m + n + mp
∞∑
s=n+m
(psxs−k − qsxs−l)+ 1p
n+m∑
n1
s(psxs−k − qsxs−l), n ≥ n1,
(T x)n1 , n0 ≤ n ≤ n1.
For every xn ∈ A and n ≥ n1, we have
(T x)n ≤ 1− 1p +
n + m
p
∞∑
s=n+m
N2 ps + 1p
n+m∑
s=n1
N2sps
≤ 1− 1
p
+ N2
p
∞∑
s=n1
sps ≤ N2.
Furthermore, we have
(T x)n ≥ 1− 1p −
N2
p
+ n + m
p
∞∑
s=n+m
(−N2qs)+ 1p
n+m∑
s=n1
(−N2sqs)
≥ 1− 1
p
− N2
p
− N2
p
∞∑
s=n1
sqs ≥ N1,
and thus we have proved that T A ⊂ A. Since A is a bounded, closed, and convex subset of ln0∞ , we have to prove that
T is a contraction mapping on A to apply the contraction principle.
Now for xn, yn ∈ A and n ≥ n1, we have
|T xn − T yn| ≤ 1p |xn+m − yn+m | +
n + m
p
[ ∞∑
s=n+m
ps |xs−k − ys−k | +
∞∑
s=n+m
qs |xs−l − ys−l |
]
+ 1
p
[
n+m∑
s=n1
sps |xs−k − ys−k | +
n+m∑
s=n1
sqs |xs−l − ys−l |
]
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≤ 1
p
‖x − y‖ + 1
p
‖x − y‖
{ ∞∑
n+m
s(ps + qs)+
n+m∑
s=n1
s(ps + qs)
}
= 1
p
‖x − y‖
{
1+
∞∑
s=n1
s(ps + qs)
}
= q˜2‖x − y‖.
This immediately implies that
‖T x − T y‖ ≤ q˜2‖x − y‖,
where in view of (11), q˜2 < 1, which proves that T is a contraction mapping. Consequently T has a unique fixed point
x , which is obviously a positive solution of Eq. (1). This completes the proof of Claim 3.
Claim 4. p ∈ (−1, 0). Choose an n1 ≥ n0 sufficiently large that the inequalities
∞∑
s=n
s(ps + qs) < p + 1, (12)
∞∑
s=n
sps ≤ M4(1+ p)− (1+ p)M4 ,
∞∑
s=n
sqs ≤ (1+ p)− M3(1+ p)M4 (13)
hold for n ≥ n1, where the positive constants M3 and M4 satisfy
0 < M3 < 1 < M4.
Let ln0∞ be the set as in Claim 1. Set
A = {x ∈ ln0∞ : M3 ≤ xn ≤ M4, n ≥ n0}. (14)
Define a mapping T : A → ln0∞ as follows:
(T x)n =
1+ p − pxn−m + n
∞∑
s=n
(psxs−k − qsx−l)+
n∑
s=n1
s[psxs−k − qsxs−l ], n ≥ n1,
(T x)n1 , n0 ≤ n ≤ n1.
For every x ∈ A and n ≥ n1, using (13) and (14) we get
(T x)n ≤ 1+ p − pM4 + n
∞∑
s=n
M4 ps +
n∑
s=n1
sM4 ps
≤ 1+ p − pM4 + M4
∞∑
s=n1
sps ≤ M4.
Furthermore, in view of (14) we have
T xn ≥ 1+ p − pM3 − n
∞∑
s=n
M4qs −
n∑
s=n1
M4qs
= 1+ p − pM3 − M4
∞∑
s=n
sqs ≥ M3.
Thus we have proved that T A ⊂ A. Since A is a bounded, closed, and convex subset of ln0∞ , next we have to prove
that T is a contraction mapping on A to apply the contraction principle.
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Now for x, y ∈ A and n ≥ n1, we have
|T xn − T yn| ≤ −p|xn−m − yn−m | + n
∞∑
s=n
ps |xs−k − ys−k | + n
∞∑
s=n
qs |xs−l − ys−l |
+
n∑
s=n1
sps |xs−k − ys−k | +
n∑
s=n1
sqs |xs−l − ys−l |
≤ −p‖x − y‖ + ‖x − y‖
( ∞∑
s=n
s(ps + qs)
)
= ‖x − y‖
(
−p +
∞∑
s=n1
s(ps + qs)
)
= q˜3‖x − y‖.
This immediately implies that
‖T x − T y‖ ≤ q˜3‖x − y‖,
where in view of (12), q˜3 < 1, which proves that T is a contraction mapping. Consequently T has a unique fixed point
x , which is obviously a positive solution of Eq. (1). This completes the proof of Claim 4.
Claim 5. p ∈ (−∞,−1). Choose an n1 > n0 sufficiently large that the inequalities
∞∑
s=n
s(ps + qs) < −(p + 1), (15)
∞∑
s=n
sqs <
−(p + 1)(N4 − 1)
N4
, (16)
∞∑
s=n
sps <
−(1+ p)(1− N3)
N4
(17)
hold for n ≥ n1, where the positive constants N3 and N4 satisfy
0 < N3 < 1 < N4.
Let ln0∞ be the set as in Claim 1. Set
A = {x ∈ ln0∞ : N3 ≤ xn ≤ N4, n ≥ n0}. (18)
Define a mapping T : A → ln0∞ as follows:
(T x)n =
1+
1
p
− 1
p
xn+m + n + mp
∞∑
s=n+m
(psxs−k − qsxs−l)+ 1p
n+m∑
s=n1
s(psxs−k − qsxs−l), n ≥ n1,
T xn1 , n0 ≤ n ≤ n1.
For every x ∈ A and n ≥ n1, using (16) and (18) we get
T xn ≤ 1+ 1p −
N4
p
− N4
p
∞∑
s=n
sqs ≤ N4.
Furthermore, in view of (17) and (18) we have
T xn ≥ 1+ 1p −
N3
p
+ N4
p
∞∑
s=n
sps ≥ N3.
Thus we have proved that T A ⊂ A. Since A is a bounded, closed, and convex subset of ln0∞ , next we have to prove
that T is a contraction mapping on A to apply the contraction principle.
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Now for x, y ∈ A and n ≥ n1, we have
|T xn − T yn| ≤ − 1p |xn+m − yn+m | −
n + m
p
[ ∞∑
n+m
ps |xs−k − ys−k | +
∞∑
s=n+m
qs |xs−l − ys−l |
]
− 1
p
[
n+m∑
s=n1
sps |xs−k − ys−k | +
n+m∑
s=n1
sqs |xs−l − ys−l |
]
≤ − 1
p
‖x − y‖ − 1
p
‖x − y‖
{ ∞∑
n+m
s(ps + qs)+
n+m∑
s=n1
s(ps + qs)
}
= − 1
p
‖x − y‖
{
1+
∞∑
s=n1
s(ps + qs)
}
= q˜4‖x − y‖.
This immediately implies that
‖T x − T y‖ ≤ q˜4‖x − y‖,
where in view of (15), q˜4 < 1, which proves that T is a contraction mapping. Consequently T has a unique fixed point
x , which is obviously a positive solution of Eq. (1). This completes the proof of Claim 5. The proof of the theorem is
complete.
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